
The Cole-Cole model describes how the dielectric properties of materials change with frequency. In
WFC applications, it provides a more accurate model of capacitance dispersion than the simple
Randles circuit, especially for systems with distributed time constants.

Kenneth and Robert Cole (1941) observed that many dielectric materials don't follow simple Debye
relaxation. Instead, the relaxation is "stretched" across a broader frequency range. The Cole-Cole
model quantifies this behavior with a single additional parameter.

?*(?) = ?? + (?s - ??) / [1 + (j??)
(1-?)]

Where:

ε∞ = high-frequency (optical) permittivity
εs = static (DC) permittivity
τ = characteristic relaxation time
α = Cole-Cole parameter (0 ≤ α < 1)
ω = angular frequency (2πf)

The Cole-Cole parameter α describes the "spread" of relaxation times:
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α Value Behavior Physical Meaning

α = 0 Simple Debye relaxation Single relaxation time, ideal system

α = 0.1-0.3 Slight distribution Minor surface heterogeneity

α = 0.3-0.5 Moderate distribution Typical for WFC electrodes

α = 0.5-0.7 Broad distribution Rough or porous electrodes

α → 1 Extreme distribution Highly disordered system

Plotting -ε'' vs. ε' creates the characteristic Cole-Cole diagram:

The Cole-Cole model produces a depressed semicircle, with the center located below the real axis.

The depression angle θ relates to α:

? = ? × (?/2) radians = ? × 90°

Example: α = 0.3 gives θ = 27° depression
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Why do WFC systems show Cole-Cole behavior?

Surface roughness: Different local environments at electrode surface
Porous electrodes: Distribution of pore sizes and depths
Oxide layers: Non-uniform thickness or composition
Grain boundaries: In polycrystalline electrodes
Adsorbed species: Non-uniform coverage of adsorbed ions

For circuit modeling, the Cole-Cole element is expressed as impedance:

ZCC = R / [1 + (j??)
(1-?)]

This can be represented as a resistor in parallel with a Constant Phase Element (CPE).

The VIC Matrix Calculator uses the Cole-Cole model for WFC characterization:

alpha (α) Distribution parameter (0-1)

tau (τ) Characteristic time constant (seconds)

epsilon_s Static permittivity

epsilon_inf High-frequency permittivity

The Cole-Cole model predicts how capacitance varies with frequency:

Physical Origins of Distribution

Impedance Form of Cole-Cole

Cole-Cole in the VIC Matrix Calculator

Cole-Cole Parameters in the App:

Frequency-Dependent Capacitance

Effective Capacitance:



Ceff(?) = C0 × [1 + (??)
2(1-?)]-1/2

At low frequency: Ceff → C0 (full capacitance)

At high frequency: Ceff → C∞ < C0 (reduced capacitance)

τ = 10 µs (characteristic frequency ~16 kHz)
α = 0.4 (moderate distribution)
C0 = 10 nF (DC capacitance)

Frequency ωτ Ceff

100 Hz 0.006 ~10 nF (98%)

1 kHz 0.063 ~9.5 nF (95%)

10 kHz 0.63 ~7.5 nF (75%)

50 kHz 3.14 ~4 nF (40%)

The Cole-Cole model affects VIC design in several ways:

1. Resonant frequency shift: As frequency changes, Ceff changes, shifting resonance
2. Broader resonance: The distribution of time constants broadens the frequency response
3. Q factor reduction: Losses associated with the relaxation reduce circuit Q

Practical Example
WFC with Cole-Cole Parameters:

Effective Capacitance at Different Frequencies:

VIC Design Implications



4. Frequency selection: Operating below the characteristic frequency maximizes
capacitance

Practical Recommendation: For VIC circuits, choose an operating frequency below the Cole-Cole
characteristic frequency (fc = 1/2πτ) to maximize effective WFC capacitance. The VIC Matrix
Calculator can help determine optimal operating frequency based on your WFC's Cole-Cole
parameters.
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